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multi-population mortality models Li and Lee (2005) Kleinow and Cairns (2013)

Kleinow (2015) CAE (common age effect)

Hainaut (2012) LC

(2013) (2013) LC (2013)

LC-VAR Lee-Carter Vector Autoregressive

LC-VAR

κt κt κt − κt−1 VAR Vector Autoregressive

LC

κt − κt−1 VAR κt

(2014)

cointegration

Granger

LC-VAR LC

LC-VAR 2

2 LC ARIMA

3

2 VAR

LC-VAR 4 LC

LC-VAR LC-VAR

Granger Causality MSE 2

5

2 LC

LC

2.1 LC

LC

LC Tuljapurkar et.al. (2000) G7

LC

LC Lee and Carter (1992)

Renshaw and Haberman (2003) (2013)

2 Brouhns et.al. (2002)

LC

LC Renshaw and Haberman (2006) LC
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Cairns et.al. (2006) CBD Plat (2009)

CBD LC

CMI CMIB (2009a), CMIB

(2009b) AR-GARCH Lin, Wang and Tsai (2015) LC

CBD

Ekheden and Hossjer (2015) generalized linear mixed model GLMM

Li et.al. (2015) Li and O’Hare (2017) CBD

time-varying coefficient; TVC Börger and Schupp

(2018) CBD Villegas et.al. (2017)

GAPC (generalized Age-Period-Cohort)

R StMoMo

LC LC

(2002) LC

2005 2011 (2006) 2008 2013 (2009) (2010)

Currie (2016)

LC 14(2002)

14

LC

18(2006) LC

24(2012) 28(2016) LC

LD LC LD

(2013) TVF Tangent

Vector Field

2.2 LC

x = 0, . . . , ω t = 1, . . . , T x t mxt ω T

LC

logmxt = αx + βxκt + εxt (2.1)

αx κt βx κt

εxt N(0, σ2) βx κt LC

ω�
x=0

βx = 1

T�
t=1

κt = 0

(2.1)

M = α1�
T + βκ� + E (2.2)

M =

⎛
⎜⎝

logm01 · · · logm0T

...
. . .

...
logmω1 · · · logmωT

⎞
⎟⎠ E =

⎛
⎜⎝

ε01 · · · ε0T
...

. . .
...

εω1 · · · εωT

⎞
⎟⎠

α = (α0, . . . , αω)
� β = (β0, . . . , βω)

� κ = (κ1, . . . , κT )
�
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β�1ω+1 = 1 κ�1T = 0 (2.3)

p = 1, 2, . . . 1p 1 p

0, . . . , ω 1, . . . , T {mxt|x = 0, . . . , ω, t = 1, . . . , T}
Z = M − 1

T
M1T1

�
T rank(Z) := r s1, . . . , sr Z (s1 ≥ . . . ≥ sr > 0)

vi,ui (i = 1, . . . , r) si Z Z =
�r

i=1 siuiv
�
i

2
⎧⎨
⎩

min
α,β,κ

tr{(M −α1�
T − βκ�)�(M −α1�

T − βκ�)}
subject to β�1ω+1 = 0 κ�1T = 1

(2.4)

(2.4) α̂, β̂, κ̂

α̂ =
1

T
(M1T − s1v

�
1 1Tu1) (2.5)

β̂ =
1

u�
1 1ω+1

u1 (2.6)

κ̂ = s1u
�
1 1ω+1v1 + s1Tu

�
1 1ω+1v

�
1 1T1T (2.7)

α̂x, β̂x, κ̂t mxt

m̂xt := exp
�
α̂x + β̂xκ̂t

�
(2.8)

T h κ κT+h h

m̂x,T+h (2005)

κ̂ = (κ̂1, . . . , κ̂T )
� ARIMA(p, 1, q) mx,T+h

LC 1 ( (2005)) l

(l < r) LC (2.2) l

M = α1�
T + β1κ

�
1 + β2κ

�
2 + . . .+ βlκ

�
l + E

βi,κi (i = 1, . . . , l) Z s1, s2, . . . , sl

2.3 LC

LC {κ̂t; t ∈ Z} ARIMA(p, 1, q) {κ̂t; t = 1, . . . , T}
{κ̂t; t = T + 1, . . .} ARIMA(p, 1, q) 1

ARMA(p, q)

2.1 ARIMA(p, 1, q) : {Yt} Xt = Yt − Yt−1

{Xt}

Xt −
p�

i=1

φiXt−i = εt +

q�
j=1

θjεt−q
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{Yt} ARIMA(p, 1, q) p, q {εt}
0 σ2 εt ∼ W.N(0, σ2)

ARIMA(p, 1, q) θ = (φ1, . . . , φp, θ1, . . . , θq, σ
2)� Box and Jenkins

(1970) εt ∼ N(0, σ2) x1, . . . , xp, ε1 = 0, . . . , εp−q+1 = 0

�(θ) = logf(xT , . . . , xp+1|xp, . . . , x1, εp = 0, . . . , εp−q+1 = 0)

= −T − p

2
log(2π)− T − p

2
log(σ2)−

�∑
t=p+1

ε2t
2σ2

LC {κ̂t; t = 1, . . . , T} 1

{Xt := κ̂t+1 − κ̂t; t = 1, . . . , T − 1} ARMA(p, q) θ

θ̂ �(θ) θ̂ 1

2 h κ̂t+h {κ̂t; t = T + 1, . . . , T + h} 2.8

m̂x,T+h p, q

Box and Jenkins (1970)

AIC

3 LC-VAR

3.1 LC-VAR

LC-VAR LC VAR

2 LC

LC

κ̂T+h 2 ARIMA VAR

α̂, β̂, κ̂ LC κ̂T+h ARIMA

{κ̂t; t = 1, . . . , T} 1 {κ̂t − κ̂t−1; t = 2, . . . , T} VAR

3.1 n VAR(p)

Y t = c+Φ1Y t−1 + . . .+ΦpY t−p + εt

{Y t} c n Φi n× n εt ∼ W.N(0,Σ) p

2 VAR(p)

3.2 2 VAR(p)

Xt = a10 +

p∑
j=1

a1jXt−j +

p∑
j=1

b1jYt−j + ε1t, Yt = c10 +

p∑
j=1

c1jXt−j +

p∑
j=1

d1jYt−j + η1t

a = (a10, a11, . . . , a1p), b = (b11, . . . , b1p), c = (c10, c11, . . . , c1p), d = (d11, . . . , d1p)

ε1t ∼ W.N(0, σ2
ε), η1t ∼ W.N(0, σ2

η)

3.1 ( (2010))
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3.1 VAR

(1) 2

(2) εt ∼ N(0,Σ) LSE 2 MLE

εt ∼ N(0,Σ) 3.1 VAR

2

SX(a, b) :=
T�

t=1

ε21t =
T�

t=1

⎛
⎝Xt − a10 −

p�
j=1

a1jXt−j −
p�

j=1

b1jYt−j

⎞
⎠

2

,

SY (c,d) :=
T�

t=1

η21t =
T�

t=1

⎛
⎝Yt − c10 −

p�
j=1

c1jXt−j −
p�

j=1

d1jYt−j

⎞
⎠

2

2

LC {κ1Tokyo, . . . κTTokyo}
{κ1Saitma, . . . , κTSaitama} 3.2 {Xt}, {Yt} 1

, VAR

Granger Causality

3.2 Granger Causality

3.3 Granger (1969) {At} {Bt} B̄t = {Bt−j , j = 1, 2, . . . ,∞} Pt(A|B̄) B̄t

At εt(A|B̄) = At −Pt(A|B̄), σ2(A|B̄) = Var(εt(A|B̄))

{Xt} {Yt}
σ2(X|X̄, Ȳ ) < σ2(X|X̄)

{Yt} {Xt} Grenger Causality

2 MSE

VAR Granger Causality (Granger Causality Test)

2 VAR(p) Granger Causality Test

{Xt}

Xt = a10 +

p�
i=1

a1pXt−p +

p�
i=1

b1pYt−p + ε1t (3.1)

Xt = a20 +

p�
i=1

a2pXt−p + ε2t (3.2)

H0 H1

H0 : b11 = b12 = · · · = b1p = 0

H1 : b11 �= 0 b12 �= 0 · · · b1p �= 0

SSR1 (3.1) 2 SSR2 (3.2) 2 T

F
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F :=
(SSR2 − SSR1)/p

SSR1 − 2p− 1

F (3.2) MSE (3.1) MSE

H0 F
d→ χ2(p) ( (2010)) F χ2(p)

H0 (3.1)

1 {Xt} {κ2Tokyo−κ1Tokyo, . . . , κTTokyo−κT−1,Tokyo}
{Yt} {κ1Saitma − κ2Saitma, . . . , κTSaitama − κT−1,Saitama} LC-VAR

4

LC LC-VAR

4.1

(2016) 0 89

(2016) 1975 2015 41

1975 2000 26 2001 2015 15

1 R

1 1 1975 2000

x 0 15

15 20

1 mxt

\ 1975 1976 1977 · · · 1998 1999 2000

0 0.884% 0.821% 0.752% · · · 0.368% 0.335% 0.366%

1 0.098% 0.094% 0.089% · · · 0.054% 0.051% 0.052%

2 0.063% 0.052% 0.051% · · · 0.027% 0.030% 0.031%
...

...
...

... · · · ...
...

...

87 19.505% 18.097% 17.296% · · · 10.960% 11.346% 10.195%

88 21.691% 20.008% 18.911% · · · 11.765% 12.033% 11.722%

89 22.273% 21.650% 20.440% · · · 13.185% 13.518% 11.858%

4.2 LC

mxt (x = 1, . . . , 89, t = 1, . . . 26) 2 (2.5) (2.6) (2.7)

1
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5 2

Z s1, . . . , s26 s2j/
∑26

i=1 s
2
i

5

s1 90% LC (2.1)

s1 30% ∼ 70% 1

30%

2

2.3 1 κ̂1, . . . , κ̂26 ARIMA(p, 1, q)

κ̂26 − κ̂25, . . . , κ̂2 − κ̂1 ARMA(p, q) 6 2001

2050 50

6 1975 2000

κ̂t 2001 2050 50 κ̂t

κ

6
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10 70 20 60

7 0 10 20 40 60 80 2001 2050 50

7 x = 0, 10, 20, 40, 60, 80

4.3 LC-VAR

κ̂1, . . . , κ̂t 1 κ̂26 − κ̂25, . . . , κ̂2 − κ̂1

3 VAR(p) VAR(p)

3.2 Granger Causality Test

A

I. A B 1 3.2 Granger Causality Test

A,B

{κ̂A
t }, {κ̂B

t } 3.2 Xt κ̂A
t − κ̂A

t−1 Yt κ̂B
t − κ̂B

t−1

F

II. 3.2 F H0 p χ2

P p AIC

III. A B A

2

III. Granger Causality Test Granger

LC-VAR 2

0.005(0.5%)

P < 0.005 LC-VAR LC LC-VAR

3
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ID Granger Causality

1 LC-VAR

2 LC-VAR

3 LC −
4 LC-VAR

5 LC −
6 LC −
7 LC-VAR

8 LC-VAR

9 LC-VAR

10 LC-VAR

11 LC-VAR

12 LC −
13 LC −
14 LC-VAR

15 LC −
16 LC-VAR

17 LC-VAR

18 LC-VAR

19 LC-VAR

20 LC-VAR

21 LC-VAR

22 LC-VAR

23 LC-VAR

24 LC-VAR

ID Granger Causality

25 LC-VAR

26 LC-VAR

27 LC-VAR

28 LC-VAR

29 LC −
30 LC −
31 LC-VAR

32 LC-VAR

33 LC-VAR

34 LC-VAR

35 LC-VAR

36 LC-VAR

37 LC-VAR

38 LC-VAR

39 LC −
40 LC-VAR

41 LC-VAR

42 LC −
43 LC-VAR

44 LC −
45 LC-VAR

46 LC-VAR

47 LC-VAR

3 Granger Causality Test

⇐ ⇐ ⇐ ⇐ ⇐ ⇐
⇐ ⇐ ⇐ ⇐

2

⇐
⇐

(2010) Granger

Granger

Granger

8 LC LC-VAR

LC-VAR Granger

4 LC / 2000 LC-VAR

/ 2000 0 10 20

40 60 80 89 2010 2020 2030 2040 2050

LC-VAR

( 4) LC-VAR

4.4

LC LC-VAR 1975 2000 26

LC LC-VAR 15 2001 2015
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8

LC LC-VAR

2010 2020 2030 2040 2050 2010 2020 2030 2040 2050

0 0.8897 0.8162 0.7538 0.7003 0.6538 0.9031 0.8338 0.7744 0.7228 0.6777

10 0.9950 0.9760 0.9578 0.9402 0.9233 0.9982 0.9808 0.9640 0.9478 0.9322

20 0.9043 0.8778 0.8527 0.8290 0.8066 0.9089 0.8844 0.8612 0.8392 0.8183

40 0.9260 0.8942 0.8644 0.8366 0.8106 0.9314 0.9021 0.8745 0.8486 0.8242

60 0.9642 0.9272 0.8930 0.8612 0.8316 0.9705 0.9364 0.9046 0.8749 0.8470

80 0.8899 0.8155 0.7526 0.6987 0.6520 0.9035 0.8338 0.7733 0.7214 0.6759

89 0.9103 0.8229 0.7508 0.6903 0.6389 0.9264 0.8436 0.7744 0.7156 0.6652

4 2000 LC v.s. LC-VAR

{
log m̂

(LC)
xt , x = 0, . . . , 89, t = 1, . . . , 15

}
,

{
log m̂

(LC−VAR)
xt , x = 0, . . . , 89, t = 1, . . . , 15

}

2001 2015

{logmxt, x = 0, . . . , 89, t = 1, . . . , 15}

9 LC (+) LC-VAR

(•) (◦) 0 10 20 40 60 80

LC-VAR 0

60 80

LC LC-VAR

• MSE mean squared error; 2 MSE :=
1

90× 15

∑
x,t

(log m̂
(·)
xt − logmxt)

2

• MAE mean absolute error: MAE :=
1

90× 15

∑
x,t

| log m̂(·)
xt − logmxt|

• TPR true positive rate TPR :=
1

90× 15

∑
x,t

I{| log m̂
(·)
xt−logmxt|<| log m̂

( )
xt −logmxt|}
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9 LC LC-VAR

3 5 MSE MAE

TPR

\ MSE MAE TPR

LC 0.300 0.343 0.203

LC-VAR 0.278 0.318 0.797

5 LC v.s. LC-VAR

LC-VAR

5

LC LC-VAR

LC LC

1 2 VAR LC-VAR

Granger Causality

LC-VAR Granger Causality Test

4.4 Granger

LC

LC

1

1 1 LC
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(2013) 2

CBD

Granger Causality Test LC-VAR

Granger Granger

Granger Causality Test

0.5% Granger

3 LC-VAR CBD

CBD-VAR Granger Causality Test

Granger

κt
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Mortality forecasting based on VAR model and comparison of the

forecasting accuracy

Yukitake Ito∗ Hiroshi Shiraishi†

Abstract

Recently, the Lee-Carter (LC) model is widely adopted as a model to describe the dynamic
mortality change. However, it is observed that the actual mortality rate in the Japan’s 2002
Population Projections significantly differs from the forecasted mortality rate based on the LC
model. Therefore, there is a necessity to develop a new mortality forecasting model following
the Japanese feature. In this paper, we introduce VAR (vector-valued autoregressive) model
into the framework of the LC model. This model is motivated to consider dependent structure
for mortalities among each region or prefecture. In case of the traditional LC model, the yearly
effect is forecasted by using the univariate model such as ARIMA (autoregressive integrated
moving average) model. In this paper, the first-order difference is fitted to VAR model. After
the test of the existence of the Granger Causality, we introduce a model based on the adopted
causality. Furthermore, by using an actual mortality data for each prefecture, two types of
forecasted mortality rates, namely, the mortality rate by the traditional LC model and that
by our proposed model, are compared.
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