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1.2

1 Lee-Carter

Lee-Carter x t mx,t

logmx,t = αx + βxκt

Lee and

Carter[1992] εx,t i.i.d.

logmx,t = αx + βxκt + εx,t

εx,t ∼ N(0, σ2)

heteroscedasticity Brouhns et al.[2002]

Dx,t ∼ Po(Ex,tmx,t)

logmx,t = αx + βxκt

Lee-Carter

Dx,t Ex,t x t Exposure

Lee-Carter

αx κt βx κt

κt

Lee-Carter

1

Lee[2000] Cairns[2000]

2

Renshaw and Haberman[2003]

logmx,t = αx +

K∑
k=1

β(k)
x κ

(k)
t

K = 1 Lee-Carter Lee-Carter

K

Lee-Carter

2 1
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Renshaw and Haberman[2006] Lee-Carter

V[Dx,t] = φEx,t φ 1

Li et al.[2009] Lee-Carter

Dx,t | wx ∼ Po(wxEx,tmx,t)

wx ∼ Γ(θ−1
x , θ−1

x )

logmx,t = αx + βxκt

wx 1 θx

Lee-Carter Dx,t wx

Lee-Carter

Lee-Carter

κt

Lee-Carter

1.3

Lee-Carter

c mx,t,c

logmx,t,c = αx,c + βx,cκt,c

Lee-Carter

1. Lee-Carter

2.

3.

4.

4 Lee-Carter Girosi

and King[2007] Lee-Carter

logmx,t,c = αx,c +

K∑
k=1

β(k)
x,cκ

(k)
t,c
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1. K

2. Lee-Carter

3. κ
(k)
t,c (k = 1, . . . ,K)

[2017] Gompertz

1.

2. Lee-Carter

3.

3 Wilmoth[1995]

2

2 1

1

1 Lee-Carter 2

Li et al.[2009]

4 4

κt

1

[2018] [2018]

i mx,t,i

logmx,t,i = αx +

K∑
k=1

β(k)
x κ

(k)
t γ

(k)
i

CP Tucker [2018] CP

Wilmoth[1995]
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3

3.1

x t c s mx,t,c,s

log(1−mx,t,c,s) = βx,c,sκt + εx,t,c,s (1)

βx,c,s κt εx,t,c,s

1.

2.

2 TN B

Mt = Bκt + Et
Et ∼ TN(0,Σage,ΣCoD,Σsex)

M = (log(1−mx,t,c,s)) B = (βx,c,s) Et = (εx,t,c,s) Σage ΣCoD Σsex

age Cause of Death sex

Lee-Carter αx

6 Lee-Carter

0 −∞

3.2

β κ

2 Lee-Carter

A M

M(2) = USV T

κ′
t = U [t, 1]

β′
q = S[1, 1]V [q, 1]

β0 =
∑

q β
′
q

κt = β0κ
′
t

βq =
β′
q

β0
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βq q βx,c,s

q = x+ (c− 1)Nage + (s− 1)NageNCoD

Nage NCoD

Rt

B

Σi =
Ni

NT

T∑
t=1

Rt,(i)Σ
−1
¬i RT

t,(i) (i = age,CoD, sex)

Rt,(i) i Rt Σ−1
¬i

Σ−1
¬age = Σ−1

sex ⊗ Σ−1
CoD, Σ−1

¬CoD = Σ−1
age ⊗ Σ−1

sex, Σ−1
¬sex = Σ−1

CoD ⊗ Σ−1
age

⊗
Σage,Σsex ΣCoD

4

4.1

WHO WHO mortality database 1995 2015

0 1 4 5 9 5 80 84 85

ICD10

ICD10 22

19 19 ×21 ×19

×2 4

4.2

1-4

logmx,t,c,s log(1−mx,t,c,s)
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5.1 κt

Lee-Carter

κt

0 ≤ mx,t,c,s < 1

0 ≤ mx,t,c,s < 1 ⇐⇒ 0 < 1−mx,t,c,s ≤ 1

⇐⇒ log (1−mx,t,c,s) ≤ 0

⇐⇒ βx,c,sκt ≤ 0 (3)

(βx,c,s, κt) −1

β�
x,c,s = −βx,c,s, κ�

t = −κt

(β�
x,c,s, κ

�
t) (3) βx,c,s ≤ 0 κt > 0

κt log κt ARIMA

AIC ARIMA ARIMA(0,1,1)

log κt = log κt−1 + d+ �t + θ�t−1 (4)

3

2
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A

A.1

1

2 n X
X = (xi1,i2,...,in) ∈ RN1×N2×···×Nn

2× 2 A A = (ai,j) A ∈ R2×2 n

(N1, N2, . . . Nn)

A.2

(vectorization) (matricization)

N =
�n

k=1 Nk N¬m = N/Nm

vec : RN1×N2×···×Nn → RN

xi1,i2,...,in = [vecX ]i

i = 1 +

n�
k=1

(ik − 1)

k−1�
l=1

Nl

k = 1
�0

l=1 Nl = 1 i (i1, i2, . . . , in)

i [vecX ]i = xi1,i2,...,in

(i1, i2, . . . , in)

m •(m) : RN1×N2×···×Nn → RNm×N¬m

X(m) = (vec(Xim=1), vec(Xim=2), . . . , vec(Xim=Nm
))

T

Xim=k m

Xim=k =
�
xi1,...im−1,k,im+1,...,in

� ∈ RN¬m

� • �F : RN1×N2×···×Nn → R

�X�F =

⎛
⎝ �

i1,i2,...,in

x2
i1,i2,...,in

⎞
⎠

1
2

2

1

m • ×m • : RN1×···Nm···×Nn × RRm×Nm →
RN1×···Rm···×Nn

[X ×m A]i1,...,rm,...,in
=

Nm�
im=1

arm,imxi1,...im...,in
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×n
i=1 Ai ×1A1 ×2 · · · ×n An

⊗

1.

vec

(
X

n×
i=1

Ai

)
= (AN ⊗ · · · ⊗A1) vecX

[ ] X ×n
i=1 Ai Ak a

(k)
rk,ik

[
X

n×
i=1

Ai

]

r1,...,rn

=
∑

i1,...,in

xi1,...,ina
(1)
r1,i1

· · · a(n)rn,in

a
(1)
r1,i1

· · · a(n)rn,in
= [AN ⊗ · · · ⊗A1]r,i

r = 1 +

n∑
k=1

(rk − 1)

k−1∏
l=1

Rl,

i = 1 +

n∑
k=1

(ik − 1)

k−1∏
l=1

Nl

i (i1, . . . , in) r (r1, . . . , rn)

r

[(AN ⊗ · · · ⊗A1) vecX ]r =
∑
i

[AN ⊗ · · · ⊗A1]r,i [vecX ]i

=
∑

i1,...,in

xi1,...,ina
(1)
r1,i1

· · · a(n)rn,in

(r1, . . . , rn)

r

[(AN ⊗ · · · ⊗A1) vecX ]r =
∑

i1,...,in

xi1,...,ina
(1)
r1,i1

· · · a(n)rn,in
=

[
vec

(
X

n×
i=1

Ai

)]

r

vec

(
X

n×
i=1

Ai

)
= (AN ⊗ · · · ⊗A1) vecX

2.

(
X

n×
i=1

Ai

)

(m)

= AmX(m)A
T
¬m

A¬m = An ⊗ · · · ⊗Am+1 ⊗Am−1 ⊗ · · · ⊗A1
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B

B.1

X n RN1×N2×···×Nn

f(X ) = (2π)−
N
2

n∏
i=1

|Σi|−
N

2Ni exp

[
−1

2

∥∥∥∥(X −M)
n×

i=1

Ui

∥∥∥∥
2

F

]

X M Σ1,Σ2, . . . ,Σn

X ∼ TN(M,Σ1,Σ2, . . . ,Σn)

Ui UT
i Ui = Σ−1

i Manceur et al.[2013]

B.2

3.

X ∼ TN(M,Σ1,Σ2, . . . ,Σn) ⇐⇒ x ∼ N(m,Σ) (B.1)

x = vecX , m = vecM, Σ = Σn ⊗ · · · ⊗ Σ1

[ ]

∥∥∥∥(X −M)
n×

i=1

Ui

∥∥∥∥
2

F

=

∥∥∥∥vec
(
(X −M)

n×
i=1

Ui

)∥∥∥∥
2

F

= �(Un ⊗ Un−1 ⊗ . . .⊗ U1) vec (X −M)�2F
= (x−m)T (Un ⊗ Un−1 ⊗ . . .⊗ U1)

T
(Un ⊗ Un−1 ⊗ . . .⊗ U1) (x−m)

= (x−m)T
(
UT
n Un ⊗ UT

n−1Un−1 ⊗ . . .⊗ UT
1 U1

)
(x−m)

= (x−m)T
(
Σ−1

n ⊗ Σ−1
n−1 ⊗ . . .⊗ Σ−1

1

)
(x−m)
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Joint estimation of cause-specific future mortality using tensor

analysis

Kotaro Suzuki Naoki Matsuyama

Abstract

In this article, we propose a new method for joint estimation of cause-specific mortalities. In generally,

estimation of cause-specific mortalities cannot reflect interactions between causes of death, therefore

the total of them does not make sense. For this reason, we propose a Lee-Carter type cause-specific

mortalities model using single time development factor and tensor structure with four modes: age, time,

cause of death, and sex. This method clarifies the correlation between causes of death and achieves robust

extrapolation of cause-specific mortalities consistent with all-cause mortality.




