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Introduction

0000 (Risk Theory, 1000)00 O

ooooooo

gboooboobooboobooooooobooboooboooboooobooboooD

oboboooboobooooOoboooobobooooobooobooobooboo

oboooobOobooobOobOoooobOobooobOOoboooooboooon
(00O000O00DO00D00000000000O)

obob: 00000000000 b00000o00
e Q. UODDDDDDODDODDOODbODbDbOODO = NO

e Q. UIDDDODDDDDD = NO?

OOooO0 (Cooog) Recent ruin theory 20140 80 210 3/75



Risk theory 0 0 OO O [

SOA (Society of Actuaries, US)

e 0O 0ODO “Loss Models: from data to decisions”, Wiley, by Klugman, Panjer
and Willmot. (1st — 4th ed.)

01999 00Risk Therory OO O 1000
020040 0Exam COODOO
200600000 (OOOUOOO)O
2012000000 4hed. OOOOO

obooooog

e 0O (Institute and Faculty of actuaries) O O Ruin theory O O O O (SA3,
specialist application subject: e.g., “Ruin theory starter kit")O

University of Liverpoold 0 OO0 OO0 Ruin Theory OO OO OOOOOONO

e JIOUDOD SOADUODO (Ruin theory O O O )0 Ruin Theory 00 0O O
gogooooooo

e JO0IDOODOOIDODOOOOODOOOODOODOOOOODONO

V.
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Risk theory 0 0 OO O [

gogbogooon
e J10000DODUOIDOODODOODO

e 1990 00 00O Risk Thoery 0 O OO
Embrechts and Kliippelberg (1993). “Some aspects of insurance
mathematics”: 00O 0O0O0O0OOO0ODOO0ODOO0ODOOODOO

1998 U O Ruin Theory O O O (Gerber and Shiu, 1998)
o00b00oboobooboboobooboobooogan
e JUUODDODOOUUUUOUDLDLDLDULUUUUDLO

A.0000000DOO0O0OO0OobDOoboooogooboo
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Ruin Theory [0 [ [

@ Embrechts et al. (2004), Ruin theory revisited: stochastic models for
operational risk, ORIE Technical Reports.

o JODOODODLODODLDODODLOOLOUDLODLOLODLODODODO

o Gerber and Loisel (2012), Why ruin theory should be of interest for insurance
practitioners and risk managers nowadays?, Proceedings of Actuarial and
Financial Mathematics, Bruxelles, Belgium.

o JODOODODODODODODODODO.

e J00DO0D0DO0DOO0DODDODOOO (Credibility-adjusted-premium).
e Solvency II: Solvency Capital Requirement (SCR), 0O 0OOOOO0O

e Wiithrich (2013). From Ruin rheory to solvency in non-life insurance,
preprint.
o Lundberg OOOOOODODODOOOOOOOOO

@ Dickson (2013), Finite-time ruin probability revisited, Insurance: The 17th
Congress of Insurance: Mathematics and Economics, Copenhagen, Denmark.

e Enterprise Risk Management
e J00I00DUO0UDODUOUDOOODDOO (capital injections).

OOooO0 (Cooog) Recent ruin theory 20140 80 210 6 /75



Part |

00000 Risk TheoryD 00 OO J

ODOoOoO0 (Cooog) Recent ruin theory 20140 80 210 7/75



gododoooooa

e D ODODO (risk process):
Xt =X+ Ct — St

x: 000000 C.000ooogoos: oggoooogogoooo

e 0O UOOO:ODOODO

Y(x) = P(r0 < 00| Xp = x)

:P(To < OO)
oooo
70:=inf{t >0|X; <0} (DDOO)
OOooO0 (Cooog) Recent ruin theory 20140 80 210
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UMMM classical model

goooooon

Lundberg (1903, D OO O):

Cramér-Lundberg model

N
Xt:x+ct—ZU,-,

i=1

(0oooooooo)

H.Cramér F.Lundberg
e x>0 000O0ODOODO.

e c>0.0000
o Ne~ Po(A\t): D0DDO0DOO At.
o UjcF, iid: 00000000 p
[D0]00000R>00000

Time of ruin:‘c(u)ﬂ% / ekxF(dX) < 00

0

Cramer-Lundberg Model

Reserve

8 10
Time
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UMMM classical model

good

Theorem (Lundberg O 0O 0 )

ooo
log E[e"*™)] =0 (Lundberg0 0O )

0000 r=-R(R>0)00000000
Y(x) = P(rp < 00) < e~

rROODODOOOOOO

e My(r)=E[e|000D0D0OR>0000000000000
cFr—=A(My(F)—1)=0

o Vi=e RO F-0000000 (Fr=0(Xs;s<t)):
BVl =Y (s<t)

eg,s=00000
E [e—RXt] — o Rx

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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goodgggg

>0 000000

c=1+0O) e & E[X]=x+0\ut

@ 6 > 0 (Net Profit Condition, NPC): 0O OO0 0ODOO

R>000000 <« (x)<1

e 0=0(0000000)or<0: 000O0DOOODO

R>0000000 <« (x)=1

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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UMMM classical model

oooo

log E[e"*1—]

0.0

Adjustment Coefficient

1.0

0.5

-05

Under "Net Profit Condition”

[GEEEED)

-0.5 0.0 0.5

r

Recent ruin theory
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UMMM classical model

Adjustment Coefficient

3
=
¥ . :
8 = -R?-.
3 Under "Actuarial Equivalence”
T T T T T

-1.0 -0.5 0.0 05 1.0
r
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UMMM classical model

Adjustment Coefficient

=2 4 A
w | “-
< ll
= 5
L s
5 v
“g
= = ,
g = -R?
S Under "Otherwise”
T T ; T T
-1.0 -0.5 0.0 0.5 1.0
r

ODOooO0 (Cooog)
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chassicalmodel
Lundberg O 0O 0O 0O O O

A quick proof.
Q@ V,=eROO00O0O0DO0D0000O0000O0 noATOODOODO

E[e ™) = e ® (0DDDODOD)

Q@ NPCOOO Xy —wo0as. (T—o0o)JOODOOOT wocodOOO

e = Ele™0lpn] +E [,
=7 El[e™nl,<0y] (OODODOODO)
= P(r0 < 0o)E [e” ™ |r < o0] .

—Rx

€ —Ru
O00000vy(x)= < e .
® () E[e_RX To<oo]

70
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goododaogg

e JIIDDDUUDODUUDDODOO xDOODDODODAODODOO
-1
XZIoge

YP(x)me fx<e = Ry

(000UO0OoOoUoooOOo =00)
e JOODOODODOODONO

e J0IUDD(DDDOOUOODOODN), 7T-8000OO

ODOooO0 (Cooog) Recent ruin theory 20140 80 210
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VA applications

ex. UOOO0OO

BREOITHEA (EEHE)

g U; (1-b)U; b U;
=1t
wrre @l FEst ot
®RER: =1+ (1-b)c bc+ Ap = b(1+ &)\
Recent rin the

ory 20140 80 210 17 /75



00000000 (ex OOOODO)

e UUUD be(0,1)D0D0IDUIOOODUODODO:
N
XP =x+[(1 - b)c— Dyt = > (1-b)U;
i=1
A, 000000000:
Ap = b1+ k)Au— b(1+0)Ap = b(k — 0)Au
oood oooooo
0000x0000000000000000 (k>06)0
e 0ODODODODODODODODO R,OODODO
[(1—b)C—Ab]Rb—>\(Mu((1—b)Rb)—1):0
R,>00000 be(0,0/k).

0b>6/k000R,>000000000 = 0010000
ow(x)<e‘RbXDDDRbDDDDDDDDDDDDDDDDDDD[[DD

optimal) b, = a R
(optimal) ber(g,a);n) b
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Renewal Theory renewal equation

Renewal Theory

Theorem (000000 ODO (defective renewal equation))
9>0 (NPC)OD OO

P(x) = (* F) () + ——Fi(x), x>0

1
14 9 1+0
gooad
1 [~
e Fi(x) = —/ F(y)dy (Integrated tail distribution)
K Jo
o Fi(x) :=1— Fi(x) (Tail function)

o (s @) = /0 " F(x— y)G(dy) (Convolution)

cf. Rolski et al. (1999), Asmussen and Albrecher (2010) 0 0 0 O O O

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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EEEEEEEEEEEEE————— e R
000000000 (renewal argument) |

000 T>0000000000000000:
Q@ 00 (0, 7T)D0D0000 (DDO0O0): 00 e AT,

Q@ t< 7000000000000 [tt+d)0000: 00 AeMdt
000000 y<x+ct: (0OOOO)

Q@ t< 7000000000000 [tt+d)0000: 00 AeMdt
000000 y>x+ct: (DO0D)

ODOoOoO0 (Cooog) Recent ruin theory 20140 80 210
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Renewal Theory renewal equation

Case A Qﬂz‘\

+cY
NG Start L2

Z’[@Eﬁ (P(X*:'Tﬁ

SIS stact Lo BB
D ¢ (xece-9)

Eryze BE

.

PCNT‘O) = e

i (’\Jt«&t‘Nt—;q’,’\Jt‘O) '—>\Q_)\td\'t

S xcct-Y4 <O - BRf

ODOooO0 (Cooog) Recent ruin theory 20140 80 210
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000000000 (renewal argument) 11

e OO T>000ODOM0O,
P(x) = e Mop(x + cT) (1. no claim)

T x+ct
+ / e Mt dt/ P(x + ct — y) F(dy)
0 0
(2. first claim t < T, y < u+ ct)

T 0o
+ / e Mt dt/ F(dy)
0 X+ct

(3. first claim t < T, but y > u + ct)
e JODO TOOUOODOO T=00O0O0O:

Lemma (Integro-differential equation)

0O 100000 (cooooooooooooooo.) 000

e/ (x) + A [ / " Bx = y) Fdy) = p(x)| + AF(x) = 0.

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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EEEEEEEEEEEEE————— e R
000000000 (renewal argument) 111

e U0UI xUDOD [0,x]D0O0UDODOUDO,

) - /wx— y)dy—A/OXF(y)dy

goog

e 000 x—o00o00000¢%(c0) =0 (by NPC); [T F(y)dy=p00000
(DOoUoo)ooooooood

w0 =2 [TFd = 15

e 0OO Fi(x 77f0 y)dyOOOOOOOOOOOO

vlx) = Hle/oxw(x—y) Fildy) + 15 Fil)

(0DD)

OOooO0 (Cooog) Recent ruin theory 20140 80 210 24 /75



gododooboboooodggg

Note: G(x) = (1+6)7'Fi(x),H(x) =(1+0)"'F(x)0000,
Yv=v*xG+H

e Laplace transform: for LF(s) := [;° e F(dx),

Ly=LY-LGH+LH & Ew:l—ﬁz(GS)(S)
o Ploaczek-Khinchin formula: |[£LG| <1000
cw:w.i(m)k & ¢:H*§:G*k
K=0 k=0
e Cramér approximation: R > 0: 0000
() CoM_ R o,

~N —e s
AM(R) — ¢
("Key renewal theorem” O 0O 0O)

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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remarks
Remarks

gbobooooboobooooeobobobboOoboOobooooobononono

gbooogoo

e Sparre-Andersen model
e JOUIDODOOOODD
o Heavy-tailed distribution

e J0UIUDDUOUD(UDODUDUDUDLDO)

0000 (Grandel, 1976)
e 0O0OO (Dufresne and Gerber, 1991)

e JIOIDUOODODDOO

OOooO0 (Cooog) Recent ruin theory 20140 80 210 26 /75
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Gerber-Shiu Analysis G-S functions

Ruin Theory O O [0 Gerber-Shiu Analysis

Hans U. Gerber (U. of Lausanne) Elias S.W. Shiu (U. of lowa)

ODOooO0 (Cooog) Recent ruin theory 20140 80 210 28 /75



Gerber-Shiu Analysis G-S functions

e ldeal DOOO0OOODOOOOOOODOOOOOOODOOOOO
oPenaltyfunction(DDDD)DDDDDDDDD:
X

»—: surplus prior to ruin; O | X, |: deficit at ruin.

@ Gerber and Shiu (1998). On the time value of ruin. N. Am. Actuar. J..

(10, X, |X,]) 000000000000

Definition (Expected discounted penalty function, EDPF)
o000 dO:

¢(X) =E [6_67—0 W(XT0—7 |XT0|)1{T0<OO}|X0 = X] s

00006>0, 1o:=inf{t>0/X; <0}, w:R?—R: 0000,

e U 0U0DODO0O(DOUD)OUDOLD O

@ Gerber-Shiu function.

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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Gerber-Shiu Analysis G-S functions

Gerber-ShiuO OO OO

1980 00000000ooooooooo
e.g., MathSciNet: www.ams.org/mathscinet/
“Gerber Shiu function” or "discounted penalty” OO0 =~ 2700

International Gerber-Shiu Workshop (2006 D000 O)

@ Insurance: Mathematics and Economics (2010). no.1-2:
Special issues on Gerber-Shiu functions

@ Asmussen and Albrecher (2010). “Ruin probabilities”. 2nd ed., WSP,
Chapter 12.

@ Kyprianou (2013). “Gerber-Shiu Risk Theory”, Springer.

ODOooO0 (Cooog) Recent ruin theory 20140 80 210 30/75



Gerber-Shiu Analysis G-S functions

Example (Gerber-Shiu functions)
05=0; w=1: ¢(x) =P(10 < 20| Xp = x).
0 0=0; w(x,y) = lix<uy<vy: (X, [X5|) 0 (0O0O)ODO:

o(x; du,dv) =P (X;, € du, | X5,| € dv, 79 < 00| Xo = x) .

@ 0 >0; w= (ax+ By)k: the kth-order (discounted) moment of a claim
causing ruin: a, 3 € R,

o(x;a,8) =E [ef‘;To(aXTo_ + ﬁ|XTO|)k1{TO<OO}|X0 = X] .

0 0>0; w(x,y)=e " (19,X,,—,|X,[)000000:

o(x;6,6,m) =E [e—(éro+§XT0,+n|XTo|)]{TD<OO}|XO = X} (6,&€,m > 0).

Option pricing: Gerber and Shiu (1998a,b); dividend strategy: Gerber and Shiu (1998a),
Cai et al. (2009a,b); capital injection; Eisenberg and Schmidli (2011), risk measures:
Trufin et al. (2011), Garrido (2013).
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[ ESTWGEIVEEN  Review of G-S(1998)

Quick review of “Gerber and Shiu (1998, NAAJ)"

Theorem (Main result in Gerber and Shiu (1998))
0>0000¢0 10000000000O00O0DOOO

P(x) = ¢ * Gy(x) + Hy(x), x>0.
goooo

)= [ |2 [T erenE(dr)] gy,
7! |

1+60 ), |p

1 > 1 [
H = — e_P(y_X)|:_/ ,Z— Fd:|d,
(%) 49 ). i, w(y,z —y) F(dz)| dy

O000p0O000000 LundbergO OO :
log E[e?*¥)] = §

0000 (LunbergOO)O

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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[ ESTWGEIVEEN  Review of G-S(1998)

Remarks |

Lundberg exponent

OO0 LundbergD OO ODOODO
—ROOCOOOO 2

Y,=e R O0popoooooO

H| e -R ; p
obooooboooooon \_/

oo

log E[e )
0.0
—

-05

Under "Net Prbfit Condition”
Z,=e’tPX 0pooO0o0oo ' ' | ‘ ‘

-1.0 -05 0.0 05 10

r

@ Gerber-ShiuOOODOOOO LundbergD0O0DOOOOODOOOOO
Lundberg “fundamental” equation

e 000 My(r)=E[eM]|0D00D00OO00DO

(000)D0c(—p)+A(My(—p) — 1) = =6
(00D0)00cR+A(My(R) —1) = -5

OOooO0 (Cooog) Recent ruin theory 20140 80 210 33 /75



Gerber-Shiu Analysis

Remarks Il: w =1, § = 0 (¢(x)

OO0 Lundberg0 O OO

log E[e’*1—9)] = 0

=

(] Go(X)

o H()(X)

oooo

p=0

e

1+0

e

1+6

(ooooo)

1.0

0.5

Review of G-5(1998)

¥(x))

Adjustment Coefficient

log E[e"X=9)]

Under "Net Prbfit Condition”

dy

/OX Uyoo e_O(Z_y)F(dz):

oo o0 1
—0(y—x) - _-
/X e /y 1 F(dz) dy 1—|—9FI(X)

Recent ruin theory

20140 80 210
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[ ESTWGEIVEEN  Review of G-S(1998)

Gerber-ShinO O OO OOQOOoooogl

e OO T>000D0DO
¢(x) = e e *Tg(x + cT) (L. no claim)
T X+ct
+ / Xe Mt - e“”/ d(x + ct — y) F(dy)
0 0
(2. first claim t < T, y < u+ ct)

T )
+ / e Mdt- e—‘”/ w(x + ct,y — (x + ct)) F(dy)
0 X

+ct
(3. first claim t < T, but y > u + ct)

e OO TOOOOO TZODDD:(DD-DDDDD)
cd/(x) + A / B(x — y) F(dy) — (A + 8)6(x) + Aa(x) = 0

where a(x) := [ w(x,y — x) F(dy).

X

D000 (Coooo

Recent ruin theory 20140 80 210

35 /75



Gerber-ShuOOOOOOOOOOOON

e UDO0DOD e ™ O00D0¢(x) :=e ™ ¢(x) 00000
cty) = (04 =)o) = A [ 6,(x = y)e " Fl) = Ae "a(x)
= M=), =X [ 6,0 = y)e " F(dy) = de ()

0 000 Lundberg 0000000000
e 000 xOOD0O [0,x]00000(00000000D0000)

1 1 [~ _
60 = 155 [ e

goboooooooboouoobooo

o) =g { [ e 5 [ errn| ard [Terapia).

000000 e~ 000000¢U0ODODOOO0ODOOOOOD (Coo)
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[ ESTWGEIVEEN  Review of G-S(1998)

goooobbooooooon

@ Ploaczek-Khinchin formula & Laplace transform:

_ - *k _ ‘CH(S)
p=H,x» G* & £¢_717£”Gp(5),

good
LGy(s) = ﬁ
Mo = g [ e e e ) Py

[£F(s) = LF(p)],

o Cramér-type approximation: R >0: 0000

LH)(=R) &«

P(x) ~ We )

X — OQ.

OOooO0 (Cooog) Recent ruin theory 20140 80 210
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[eSGESTGENWSE  applications

Gerber-Shiu O OO OO |

e VaRO DO ODOO:
Ve :=inf{x > 0] ¢(x) < €},

“"Gerber-ShiuOOO" OO0 e>0000000000000.
® eg., 6:07 W(va) = l{ygz} in d)y
d(x;2) =P (| X5 < 2, 70 < 00),

000000 (Deficit at Ruin)0O0000O.
e “VaR at ruin”
DaR,(x) :=inf{z > 0|¢(x; z) > a}.

0000 x>000000000000 DaR,(x)0000000000
100(1 — @)%(00).

@ Solve x, = DaR,(x4)

x,: 000000 100c%(00)00000000ooooooo

OOooO0 (Cooog) Recent ruin theory 20140 80 210 38 /75



applications
Gerber-Shiu OO OO QOO O H

e 0000 V,=VWet = 0000000000O0OOO:
M(s):=(K-s);, K:0OOO
e U0: Vi< LODODOOOODODOO
Xe = log(Vo/L)+ct—S: = 70:=inf{t >0X: <0}
e JOOODDODLOO

E [e ™ M(V)l {ro<o0} | Vo = V]
=E[e7°"(K — €*70) 4 117,<00} [ Xo = log(Vo/L)]

= ¢ (log(Vo/L))
w(x,y) = (K —¢e¥)4 O Gerber-Shiu O O
e OODOODO:
L, :=arg Lg;g;(q é (log(Vo/L)).
o000 (I0000) Recent ruin theory 20140 80 210
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applications
Gerber-Shiu O OO OO I

X =(X)e=0 0000000000
000000 (capital injection process) Z = (Z;)e>o s-t.

Xt+Zt207 a.s. Vt>0

goboboboboboobooboobod

f(x) = arginfE {/ e %dz,
z 0

XO_X:|
e 000DDODOD Z,=1|X,0000000000000000000 £(0):
f(x) =E [e7°™(F(0) + | Xro|) 1 {rp<oo} | Xo = x]

= w(x,y) = f(0) + y O Gerber-Shiu 0 O
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[eSGESTGENWSE  applications

Cowpi tal L\J' ection
Ke

X *+2,20 as.

ODOooO0 (Cooog) Recent ruin theory
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goododaogg

e J0OUODOOLOODOOOODOO
e JOODOODLOODOODOO

e J00UDOUOOLDOODL DODOOOODOOOODOOO

N
Xt:X—l—ct—ZU;

i=1

e JOOOODO
o JOOOODOOOODO

ODOooO0 (Cooog) Recent ruin theory 20140 80 210 42 /75



Part IV

Risk Theory D0 OO0 (DD O) J
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Ruin Theory OO 00 00 [0 [

e J0DIUDDOUDO(DOODODO)

Gerber-Shiu 000000 (00O0D0D)
e 00000 (00DD0O0O0OD)000000

gboooao
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Generalization [INHSNILHE]

oooooooooooog?

Danish fire insurance cl laims: 1980—-1990

Claim size
150 200 250
I I I

100
|

50
I

i)

T
10

- JLHMMWLM mmmummmmm

T T
o 2

Time (for 11 years)

OOooO0 (Cooog) Recent ruin theory 20140 80 210 45 / 75



Generalization [INHSNILHE]

0 = 0.1, x = 700; /i = 3.385, A = 197

Risk process with Danish claims

0
|

200

100 150 200 250

50

R R LL Lo d el

INTIRAR AN

J

sudulidl

o

Danish fire insurance claims: 1980-1990

Recent ruin theory
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Generalization [INHSNILHE]

Model fitting

e Classical (Lundberg) model:

Ny
Xt:X+C1t_ZUi

i=1
U; ~ Exp or Weibull.
o Diffusion approximation: e.g., Grandel (1991)
Xt:X+C2t+O'Wt
woooooooooo
@ Jump-Diffusion model:
N
X, :x+C3t+a/Wt’—ZU{
i=1
woooooooog, U ~ ExpO

OOooO0 (Cooog) Recent ruin theory 20140 80 210

47 /75



Which is better? (Fitted by (Q)MLE)

Risk process with Danish claims

Data

—— Classical (Exp)
——— Classical(Weibull)
S 7
4
_— ff
L

Jump-—Diffusion
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Generalization [INHSNILHE]

OO

o Classical (Lundberg) model 0000000000000 O0OOODOOOO
00o000o0o0ooooooo
e JOODO (blue)DOOUDODOLDDOOOOOOODOOOOO
e DDD0DOODO (magenta) OO D0ODO0OOODODODOODOO
e J00ID0UDOUODODOUDODO (black)ODUODOODOOUDOOOODOO
e UODDOODOOOOOOLO ExpOOOOOOOOOMD

e JUDUD (green)JOO0O0DOTODOUDODO
(0OOU0OOoO0OOUoOOOoOooooOn)

e Jump-Diffusion(red) 00000000000 OO0O0OOOOOOOOOOOO
gboooobooboooboobobooboobooboooog

e J00DO0OOLOOODODOOOODODLDOODOODOOO
=0000000000000
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Generalization [INHSNILHE]

Oo000dOoOooo(oooon)

gobooboobooobooboobooboobooooboooboon:

Xt:X+Lt,

Definition (00000 (DOOOODO))

o [,=00000000000000000
e HO0ODODODODODODODODOO<s<s+h<t<t+h0O0O0OO

o Liyp— L~ L, (000DO0O)
o Liyn—L: 0 Lypp— LOODO (DODODO)

RN

000000 WOOOOODOO S000000000000 aW 46500
00000000000000000000000Sato (1999), Mikosch (2009)
100000000

o

000000 O Bertoin (1996), Applebaum (2004), Cont and Tankov (2004), Kyprianou (2006), etc.
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Generalization [INHSNILHE]

Ooooooool

Theorem (Lévy-Ito decomposition)

00000 LO0DO0o0obOoOoooboooon
Lt:at+UWt+Jf

O0D0D0accROODODOWOOOODODOODOOJO WOOOOOODOOOOOODO
oobooooooobOoOoobO 00000

E [efth] — exp (t/(eisz —1—iszl{;<1}) V(dz))
R

D00000000vd f,,lz2Pu(dz) <ooOODO0DD

Corollary (Lévy-Khinchin decomposition)

LOO0D00DO000O0O0 (a,¢%,v) 0000000 1000000

E [e'sLt] = exp (t {ias - %52 +/ (e =1 —iszlypz<ay) V(dz)})
0
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Generalization [INHSNILE]

Example (0000D00)000000)

Lt:ﬂt+UWt

= E|[e"] =E[e®], Z~ N(ut,o%t)

ooooo
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Generalization [INHSNILE]

Example (00D00O0O0OO)

N
Le=Y U, U~F, Ny~ Po(\t)

i=1

= E [e"st] = EV [ﬁ]E [e’5Ui|Nt - N]

i=1

= ie“l < /OOO e™ F(dz))k

()
<

= exp
0

goooad )
(a,0,v) = ()\/ z F(dz),0, AF)
0

t {/s)\/ z F(dz) + /oo(e"“ —1= iszl{|z|g1}))\F(dz)})
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Generalization [INHSNILHE]

Ooooooogl

v: Lévy measure, 00000000 OO0OOOOODOOOO

A= [y v(dz) < 0o = J~ CP(X, F))O v(dz) = AF(dz)O
)\:foooz/(dz):ooéDDDDDDDDDDDDDDDDDDDDD
eJ0UOex>000OOO

R D Y- WA (V. WA

s<t

0ooo0aJ® ~ P\, F)Oooono

Ae = /|Z|>E v(dz), F(x)=X1! /e<z§x v(dz)

e /YOO (0)0000O0D0D0O000O0ONONDOOO0OOONONDNOOOONO
000
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Generalization [INHSNILHE]

Examples of Lévy processes |
Example (Variance gamma process: X; = Wg,)
0 g—lel
V(dz):ﬂe A zeR
z

§=5,~v=0.63

—
S 7 5
At
L Y 3
P e oo
.o o —
S ET
e Rl
B -~
N e
2 o
~ bl
< o g
o
=
T T T T T T
o 1 2 3 4 5
Time
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Generalization

Examples of Lévy processes Il

Example ((Symmetric) a-stable process)

Risk model

CU isX; « «@
v(dz) = e © E [e™] = exp (—0%|2|%)
o=1a=3/2
N
vy ﬁ""#v'"\"‘h‘.
I b "\'\.*“.. t“, \\'\r A
’\4”“ W "“V'\’,“”
il G W o !
- VALY 9y
LY
#h A\
- mov
Vi
- y
1

OOooO0 (Cooog)
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Generalization [INHSNILHE]

oooooood

Theorem
(1)f|<1|z| vidz)<oo=JOOOUOOOOODO

E [e*4] = exp (r /R (e — 1) z/(dz)>

0000000000000 (AJ>0)00000 (subordinator) 000 :

E [e"] = exp (t' /0 Oo(e"sz -1) I/(dz)>

(2) fiy<1l2l¥(dz) =00 = JODOOODOOOD
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Generalization [INHSNILHE]

Examples of Lévy processes Il|

Example (Gamma process)

G ~T(at,f), v(dz)=2e P2 z>0
V4

a=158=1/3
< =
—
L
w ,"_:
o .
.—’-’
o
..—l_’
=< s
= Eel
—
—
- &5
=
”r-
e 4 =
T T T T T T
o 1 2 3 a 5
Time
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Generalization [INHSNILHE]

goooobbooogod

goooonbnbOm
Xt:X+Ct+UWt—Jt

JOooooooooooooo

E [¢] = exp (r /0 T (e _ 1) u(dz))

o ct: DODOOODOODO
oW OOOODDDOOOODDOOOODOOODODDOOOODOOODODDO

¢ //0UU0OULOOODUODOUUDOOUDNDOOO (A\=00)000O0O
gbooooboboooobooooboobooog

oo
A<oo,c=0000000 (Lundberg)DDDDI/EODDDDDDDDDDDDJ
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Generalization [EESR{ILISIIN]

OO0O000000O000 Gerber-ShiuO O

e JIDDODOODDOO:
Xe=x+ct+oW;— J;
0ooo0Joooooo »000O0O0O0DOOoOOd
° c:(l—l—G)IE[Jl]:(1+9)/oozy(dz)<oo(DD|Z||Z||Z||ZID)
@ Gerber-Shiu function: ’

¢(X) =E [675TOW(X7—0_, |XT0|)1{To<oo}|XO = X] )
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Generalization [EESR{ILISIIN]

goooon

Theorem (Biffis and Morales (2010))
o>00000000000000O

60 = 6 0) + | Foe) + w(0. 00 [ k() o]
00000000k(u) :=cD e P ' D = 02/2;
Efsd)s / / Py — s) [ / ¥ a9 u(dz)] ds dy
Hy(x) := - /0 e "k (u —s) / - e PIK, (2) dzds
Kz)im [ wiz.y = 2)u(e).

pO000DO LundbergDODOOOOOOOODO:

log E [e"(lex)} =4
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generalized G-S function
00O 0O Gerber-ShiuO O

o inf-000 (Biffis and Morales (2010))Z

a(x) =E [eigTOW(XTo—’ |XTo|7X7—0—)1{To<oo}|X0 = X} 5
gooo

X, == inf X,

- s<t

e 00 ODODO (Fengands. (2013)):

$(x) = E UOT e OtV(X,) dt‘Xo - x} :

eg.,
V(x) = w(0,0)A¢(x) + / w(x,z — x) v(dz)

0000 ¢(x) = ¢(x) (Gerber-Shiu function).
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generalized G-S function
Finite-time Gerber-Shiu function

o Kuznetsov and Morales (2014):
¢1(Xa t) =K [e_(;TOW(XTo—7 |X7'0|)1{7'0<f}|X0 = X]
w=16=000000

d1(x,t) =P(19 < t|Xo = x) (finite time ruin probability)

@ Garrido et al. (2013):
da(x,t) :=E {e_g(TOM)W (X(To/\t)*a |X(roAt)D |Xo = X]
goooooooooooooon

D26, 1) = 6106, ) + E [ W(Xee, [Xe) Lty oy [ Xo = ]
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e JO0ODUDODLODODLOODODLODDLOODODLOODDLODLOLODODLOD
ggogooaoo

o 00D0DDDDODODODOOOODODODOODOOGerber-ShiuOODOOOOOOO
ooooo

o lUUODLOOUODLDOOLDLODLOODLOOOO

o J0IDOODDODODLOOOOODOOLDOODOD
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[EEIPZIITIN  Connection to Credit risks

goooobbooogad
0000 (0000)0000: 0000000,

Vt = V()eXp (Ct + O'Wt - Jt) s

e Madan and Schoutens (2008; J. of Credit Risk):
oboobooooboooboobooboobooobooobooboobon
goooooooooooooo“woboooo"oboooobooooo
gboooooao

e Carretal. (2002; J. of Business): DO0O0O00O00OO00O0O0OO0OOOOO
0000000000 00 0000 (A=o00,0=0, [1A|z]v(dz) < o)
gboooao

e JOODOOODO:

Tq¢ = inf{t > 0|X; < d}, deR,

where X; := log V4, x := log V.
@ Gerber-Shiu function OO OO OOO
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[EEIPZIITIN  Connection to Credit risks

Dooooobgooebsooood

e UIODODOOD V=(V)» (DODOODOO)T
Xi = log V;, x :=log Vy
e JOODOODOO 740

Y(x,t)=P(ry <t) (0DDDODDOD)

00001000 T7TOOODOOODODOOOO0O0OO000 R(X)
Credit Default Swap

e Protection buyerD0 00000 (1—-R(X-,)) OO0 “0DO0"00000
e Protection sellerD “D0000"(00 ¢)000DO0O0OODOODOODO
(1-R(X.,))0D000

e cUODOODDOODOO
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[EEIPZIITIN  Connection to Credit risks

Protection buyer D 0 OO 0O 0O 0O O O

R o
o ¢ G c [ T
_ '
Ta s o Edad T
\Ai%&ﬁé e Rt
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[EEIPZIITIN  Connection to Credit risks

cbsouonod

Expected premium:

PVfe :=E

T4NT
c/ e %% ds
0

PVioss := E [e_é‘rd(l - R(XTd))]'{TdST}}

Expected loss:

P ere =P \/loss;
E [6_6T’J(1 — R(X’rd))l{‘rdST}]
r-1E [1 — e—5(Td/\T)]

CcC =

Finite-time Gerber-Shiu function!
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[EEIPZIITIN  Connection to Credit risks

gooooon

oooooooooooboooo!

ugbooogbDao

o 0OOO Uy, Us,...,Uny
o A= &, F: MLE, empirical, ...

goboobooboooboo

o JOOOUODOOODOODOOD =0DO0O0O0OO
e JOODODOODOODODOD =0000DDODODODBOOOOO
o JOOOODOOODOOOOOOODODOO

e S. (2011a,b), S. and Zhang (2014) 00O
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[EEIPZIITIN  Connection to Credit risks

T =T
+
‘ é" T er gz 2= BB D
il TR Ui Eatie s
h Us ; x
K : \ i F29: (Loe) , (La &) - - (On,0)
Dt _(;'\ o;; ‘Q‘; Sa,

e e
= B esnaRm)

’ /Ec: v B

/ ;
) ("\4'

|'_.- ( " N
V‘(FMLJ%W/ / T4 (Uh;::)‘....
/ @

Ls

N e
\ 770 Eds
X ?x-t\,x'f’a.|"- X‘t‘-«}
\“‘“*—F*/ & B408
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0od

Ruin Theory O Gerber-Shiu 0 00000000000 0O00000000O
gboooobooobooooo

e JIODDOOO Gerber-ShiuOOOOOOOODOODOOODODOODOODOODO
gobooboboobobooboboobbobobooboobobobob
oooobooooobooon

e J0OIODDOU (DOUDOO)IDOUDOOOOD

e U UDLOUODLDOOLOOLOODLOOOLOOO
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